In a recent Letter [PRL, 113, 050401 (2014)], it is shown that the quantum violation of a threetime Leggett-Garg inequality (LGI) for a dichotomic qutrit system can exceed the Lüders bound. This is obtained by using a degeneracy breaking projective measurement rule which the authors termed as von Neumann rule. Such violation can even approach the algebraic maximum in the asymptotic limit of system size. In this paper, we question the implication of such violation of Lüders bound and its conceptual relevance in LG scenario. We note an important fact that the basis for implementing the proposed von Neumann rule for a degenerate observable is non-unique and show that the violation of Lüders bound is crucially dependent on the choice of basis. Further, we demonstrate the violation of Lüders bound of the simplest non-contextual inequality (NCI) which is in contrast to the reasoning provided in the aforementioned Letter. This result further raises the doubts regarding the validity of the proposed rule as a viable projective measurement. We discuss the relevance of such results with respect to the usual quantum violation of LGI and NCI.
I. INTRODUCTION
In their epoch-making paper, Einstein, Podolsky and Rosen [1] had raised the fundamental question about the incompleteness of quantum mechanical description of nature by the ψ-function. The realist hidden variable models are those which assume to provide the 'complete state' of the system with the aid of so-called hidden variables along with the quantum state. In this regard, the central question is what constraint a realist model of quantum phenomena has to satisfy to be compatible with the empirically verifiable predictions of quantum mechanics (QM). In his pioneering work in 1964, Bell [2] first pointed out that any realist model reproducing the QM has to be nonlocal. Since then, extensive studies (see, for reviews, [3, 4] ) have been performed for revealing the nonlocal character of QM both theoretically and experimentally.
Another constraint, known as contextuality, was discovered by Kochen and Specker [5] . According to the assumption of non-contextuality in a realist hidden variable model, the definite value assignment to a measurement is independent of the compatible measurements that are being performed jointly or sequentially. Kochen and Specker theorem demonstrates that such a value assignment is in contradiction with the statistics of QM for a certain set of observables. The original proof of the Kochen and Specker theorem involves a complex structure using 117 vectors. Later, simplified versions have been proposed by Peres [6] and Mermin [7] . These proofs are converted into testable inequalities, valid for any noncontextual realist model, but violated by QM [8, 9] . The notion of contextuality has also been extensively studied both theoretically [10, 11] and experimentally [12] .
Of late, the macrorealist models and its compatibility with the QM has also been attracting increasing attention. Such a line of study was first put forwarded by Leggett and Garg [13] by introducing a set of inequalities (henceforth, LGIs) for testing the compatibility between the classical world view of macrorealism and QM.
These inequalities play similar role to that of the Bell inequalities in testing local hidden-variable models but involving a single system subjected to the measurements at different times. Leggett and Garg inequalities are derived by considering the assumptions of macrorealism per se and non-invasive measurability . According to the assumption of macrorealism per se, at any instant of time a system remains in one of it's macroscopically distinct ontic state, whereas the non-invasive measurability ensures that the ontic state of the system remains uninfluenced by the measurement and dynamics [13, 14] . In recent times, a flurry of theoretical studies have been reported [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and a number of experiments have been conducted by using different systems [26] [27] [28] [29] [30] [31] [32] [33] .
The quantum violations of local, non-contextual and macrorealist inequalities are witnesses of non-classicality. Improved quantum violation of a given inequality is thus the signature of more non-classicality. The present paper questions the issue of improved quantum violation of LGIs that is proposed in a recent work [21] . The simplest Bell's inequality is the CHSH one [34] whose quantum violation is restricted by the Cirelson's bound [35] .
LGIs are often considered structurally analogous to Bell's inequalities. But, Budroni and Emary [21] have recently shown that the former can be violated up to its algebraic maximum. Specifically, by considering a degeneracy breaking projective measurement scenario termed as 'von Neumann rule', they showed that the quantum violation of the LGI can exceed the Lüders bound and can even approach the algebraic maximum at the asymptotic limit of the system size. Such amount of violation of CHSH inequalities may be achieved in post-quantum theories but not in QM. For dichotomic observables, the maximum quantum violation of a three-time LGI is 1.5 if Lüders projection rule [36] is used, irrespective of the system size [37] . Authors in [21] have shown that for dichotomic observables in a qutrit system and for suitable choice of initial quantum state, the use of such a degeneracy breaking rule provides the quantum violation of LGI 1.75 exceeding the Lüders bound. Using semi-definite programming they have shown that such a violation can reach 2.21. Such a result is verified in recent experiment [32, 33] using qutrit system. Additionally, they remarked that the Lüders bound of a non-contextual inequality (NCI) cannot be violated in this manner. In support of their claim, they mentioned that since in contextuality test the joint measurements are assumed for commuting observables, then which state update rule is being used becomes irrelevant even when the measurements are performed sequentially [21] .
Before proceeding further, let us first encapsulate the essence of Lüders rule and the von Neumann rule proposed in [21] . Consider an observableÂ having discrete eigenvalues a 1 , a 2 , a 3 ... a m with degree of degeneracies x 1 , x 2 , x 3 ...x m respectively. Let P [38, 39] . Then, for an observable with degenerate eigenvalues, the von Neumann rule provides the reduced density matrix less coherent than that is obtained using the Lüders rule. For non-degenerate observable both the rules are identical. Throughout our paper by von Neumann rule we refer the discussion in this paragraph to avoid any confusion.
In this paper, we critically examine the reason of such a violation of Lüders bound of LGIs and question the validity of the so-called von Neumann rule in LG scenario. We first point out that the choice of basis for applying that rule is not unique. There can be infinitely many choices of basis for implementing it, even for a dichotomic observable in qutrit system. Thus, in a sequential measurements of two degenerate observables, the reduced state after the first measurement becomes non-unique which may then produce different results of sequential measurements of the same two observables. We indeed show that how different choice of von Neumann basis provides different amount of quantum violation of a given LGI. We provide some detail calculations to show how for a given state and observable the choice of von Neumann basis provide different amount of violations of LGIs.
Further, we study the quantum violation of noncontextual inequality (NCI). As opposed to the claim in [21] , we show that the use of the von Neumann rule violates the Lüders bound of NCI. Surprisingly, we consider the simplest NCI involving three commuting dichotomic observables pertaining to a qutrit system. In such choices of observables the violation of Lüders bound of NCI is not expected. Similar to the case of LGIs, we find different choices of von Neumann basis that provide different amounts of quantum violations of a given NCI and a suitable choice of basis provide the quantum violation of NCI 2.
A LGI consists of statistical correlations of sequential measurements of two observables. It seems thoughtprovoking why the violation of Lüders bound occurs when one uses von Neumann reduction rule. To understand this issue let us consider a degenerate observable A 1 . The measurement of which naturally uses Lüders projection rule. In order to forcefully implement the von Neumann projection rule [38] , one needs to perform a non-detective measurement of another observable (say, A 1 ) prior to A 1 , where A 1 and A 1 are commuting. Hence, the measured statistics of A 1 remains same irrespective of the fact whether it is measured solely or after A 1 . However, the crucial fact is that the reduced density matrices for those two aforementioned measurement scenarios are different whose effect can be detectable if a subsequent measurement of another observable, say A 2 (may or may not be commuting with A 1 ), is performed separately on the two reduced density matrices. Then, the statistics of such a sequential measurement can be different for two different density matrices because A 1 may not be commuting with A 2 in general. Moreover, different von Neumann basis produce different reduced density matrices. Similar argument holds good for other two sequential measurements involving the LGI.
It is then intuitively clear that a kind of additional nonclassicality is being introduced through the von Neumann projection rule which provides the violation of Lüders bound of LGIs and also of NCIs. In other words, one may say that it is a kind of quantum contextuality induced violation of Lüders bound of LGIs and NCIs which cannot be considered as the violation of LGIs and NCIs in its usual sense. Note that, the prior observable A 1 is nowhere included in deriving the classical bounds of LGIs or NCIs. The inclusion of A 1 s in the realist model formulation may provide a different classical bound of the relevant inequalities. Then, it is certainly erroneous to treat the violation of Lüders bound by von Neumann projection rule in the same footing as the quantum violation of usual LGIs and NCIs. This paper is organized as follows. In Sec.II, we show the difference between Lüders and von Neumann rules in sequential measurement of two degenerate qutrit observables and in Sec.III, we first show that given a particular von Neumann basis, the suitable intermediate evolutions can improve the maximum quantum violations of LGIs for a given state and observable and then we explicitly demonstrate that the violation of Lüders bound is dependent on the choices of von Neumann basis. In Sec. IV, we demonstrate that quantum violations of NCIs exceeding the Lüders bound if von Neumann projection rule is used. We discuss the implications of our study in Sec. V.
II. LüDERS RULE, VON NEUMANN RULE AND SEQUENTIAL MEASUREMENT
For a qutrit system, let us now assume two dichotomic degenerate observablesÂ andB such that P α m and P β n are their respective projectors. Here α, β are degeneracy and m, n = ± are the eigenvalues ofÂ andB respectively. For the particular case of dichotomic observable in a qutrit system α, β = 1, 2. Then the sequential measurementÂ andB provides
For Lüders rule the joint probability
On the other hand, using von Neumann rule the joint probability is given by P (P
The sequential measurement by using Lüders rule provides
which is irrespective of the dimension of the system. But, using von Neumann projection rule, for example, in the case of dichotomic observable in qutrit system, we obtain
Here P LGIs and NCIs.
III. VIOLATION OF LüDERS BOUND OF LGIS
Let us assume a suitable dichotomic observableM 1 at t = t 1 , and its measurement on the state of a macroscopic system produce a definite outcome 1 or −1 at any instant of time, as per the assumption of macrorealism per se. In LG scenario, the measurement ofM 1 is performed on macroscopic system at three different times t 1 , t 2 and t 3 (t 3 > t 2 > t 1 ) leads the measurement observablesM 1 ,M 2 andM 3 . The notion of non-invasive measurability ensure the existence joint probability of different outcomes
) and uninfluenced marginal effect on prior and future measurements.
Based on the aforementioned two assumptions, the LGIs are derived as 
We consider the same observableM 1 = |3 3|+|2 2|− |1 1| as in [21] , where |1 = (1, 0, 0) T , |2 = (0, 1, 0)
T and |3 = (0, 0, 1) T are the eigenvectors with eigenvalues (−1, 1, 1 [21] . Importantly, Lüders measurement is independent of ξ but it plays a crucial role in von Neumann rule as seen from Eq. (3) . Different values of ξ thus implement different von Neumann measurements.
The evolution is governed by the Hamiltonian H = γĴ x , where γ the coupling constant andĴ x is the angular momentum operator alongx direction. Then the unitary evolution can be written as U ∆trs = e iγĴx∆trs . We denote g 1 = γ∆t 12 and g 2 = γ∆t 23 . Usually, in LG scenario the coupling strengths are taken to be same, i.e., g 1 = g 2 . Here we take g 1 = g 2 which further improves the amount of maximum quantum violation. For qubit case different values of g 1 and g 2 do not improve the maximum quantum violation.
Before proceeding further, let us first briefly recapitulate the essence of results in [21] . By considering the same state |ψ t1 = (0, 0, 1) T , the quantum mechanical expression of K 13 (say, K v 13b ) using von Neumann basis with ξ = 1 and g 1 = g 2 = g derived by them is given by [21] 
The maximum quantum value of Eq. (7) is 1.75 at g = 1.31, clearly exceeding the Lüders bound 1.5. They [21] have further showed that the violation increases with the increment of system size and approaches algebraic maximum 3 in asymptotic limit of system size. Now, instead of same coupling constant, if we take g 1 = g 2 , we have are the values when von Neumann measurement with ξ = 1 is performed and g1 = g2 as used in [21] . K which naturally reduces to Eq.(7) at g 1 = g 2 . Interestingly the maximum value of K v 13 in Eq.(8) is 1.91 for g 1 = 0.98 and g 2 = 1.85. Thus, instead of using g 1 = g 2 = g, the consideration of two different intermediate couplings improved the quantum violation of LGI K 13 . However, if the maximum quantum value of K 23 and K 12 is calculated by using ξ = 1 and g 1 = g 2 = g, we have (K Table. II that,
. Thus, the choice of von Neumann basis plays an important role. However, Budroni and Emary [21] found the quantum violation of LGI 2.21 by using SDP for all possible choices of basis. Here we wanted to explicitly show that the violation of LGI is basis dependent if von Neumann measurement rule is taken for state reduction. It may also be possible that for a particular value of ξ no violation of any of the LGIs occurs but for the same state and same observable the violation can be considerably large for different value of ξ. Note that, for the above choices of state and observables, the value of K T ) given by (A1), (A2) and (A4) respectively are plotted as a function of ξ for fixed values of g1 and g2, as given in Table II .
. More suitable choice of state, observables and basis can provide the result obtained in [21] using SDP. The important point we wanted to explicitly pointed out here that the choice of basis plays crucial role in von Neumann measurement scenario and the suitable choice of which can violate the Lüders bound of LGIs by a considerably large amount.
In the next section we demonstrate the violation of Lüders bound of non-contextual inequalities (NCIs) and discuss the subtleties involved regarding von Neumann projection rule and discuss its relevance in the violation of realist inequalities.
IV. VIOLATION OF LüDERS BOUND OF NCIS
LetÂ 1 ,Â 2 andÂ 3 be the three mutually commuting dichotomic observables. Given a quantum state, the measurement statistics ofÂ 1 is independent of whether measuring withÂ 2 orÂ 3 . Similar arguments holds good forÂ 2 andÂ 3 . This feature is the non-contextuality in QM. In an non-contextual realist model, it is assumed that the individual measured values say, v(A 1 ) (fixed by a hidden variable) follows the same context independence as in QM. So that, v(A 1 ) is independent of v(A 2 ) or v(A 3 ). We can then write that in a non-contextual realist hidden variable model the following three inequalities are satisfied.
It is evident that none of the above inequalities will be violated by QM, if the Lüders rule is used. This is due to the fact that the triple-wise joint probability P (A 1 , A 2 , A 3 ) exists whose suitable marginal correctly provides all pair-wise joint probabilities satisfied by QM. Thus, the Lüders bound of those NCIs is also 1. In their paper [21] , Budroni and Emary remarked that the Lüders bound of NCIs can not be violated by using von Neumann rule. We first demonstrate that their inference is not correct and then discuss the suitabilities involved in the von Neumann rule.
For this, let us consider the observablesÂ i = I − 2|α i α i | with α i |α j = δ ij where i, j = 1, 2, 3. We take specific examples where
T / √ 2 and |α 3 = (0, 1, 0) T . Eigenstates ofÂ 1 may be written as 
and
It is then straightforward to see that the maximum values of β by suitably choosing the relevant parameter θ, φ, λ and δ as given in Table. IV. In Fig.2 , we plotted β We thus exhibited the violation of Lüders bound of NCIs even when the observablesÂ 1 ,Â 2 andÂ 3 are mutually commuting. This is in contrast to the claim in [21] . Again, the different choice of von Neumann basis provides different violation of Lüders bound of NCIs. Conceptually, this result is very surprising. Since the NCIs given by Eqs.(9 − 11) are derived by assuming that the existence of the joint probability distribution P (A 1 , A 2 , A 3 ) in a non-contextual theory. The quantum violation of NCIs can only be obtained when P (A 1 , A 2 , A 3 ) does not exist in QM. SinceÂ 1 ,Â 2 andÂ 3 are mutually commuting then triple-wise joint probability exists in QM too. Hence, as we have already mentioned in introductory section, a kind of non-classicality is introduced through the von Neumann rule which enables the quantum violation of NCIs given in Eqs. (9) (10) (11) . In the next section, we provide a detail discussions regarding the meaning of such violation and its relevance with respect to the usual violation of realist inequalities.
V. SUMMARY AND DISCUSSION
In this paper we questioned the conceptual relevance of the violation of Lüders bound of LGIs and NCIs obtained through the degeneracy breaking projective rule for state reduction. The improved violations of realist inequalities are the signature of more non-classicality and any such improvement is useful for testing the concerned inequalities experimentally. For a dichotomic system the Lüders bound of three time LGIs is restricted to 1.5. Budruni and Emary [21] have shown that for dichotomic observables in qutrit system the use of von Neumann measurement projection rule for state reduction can provide quantum violation of LGI that exceeds the Lüders bound 1.5. However, they have considered a particular choice of the von Neumann basis. We have pointed out that the choice of basis for implementing the so called von Neumann rule for state reduction is not unique and there can be infinitely many choices possible. We showed that the violation of Lüders bound of LGIs is dependent on the choices of von neumann basis.
LGIs are pertaining to the sequential measurement of two non-commuting observables. In contrast, in contextuality test the pair-wise joint measurements are assumed for commuting observables. The NCIs we have considered here involve three commuting observables. Since triple-wise joint probability distribution of those commuting observables exist in QM, no violation of NCIs is expected if Lüders rule is used. Budroni and Emary [21] claimed that this feature is true even if one uses the von Neumann projection rule for state reduction. We showed here that their inference is not correct and suitable choice of von Neumann basis can provide a considerably large violation of Lüders bound of NCIs. One may find this result is particularly interesting for experimental testing as compared to LGI test because in the non-contextuality test one does not require to guarantee the non-invasiveness condition of the measurement. However, the meaning of such violation remains questionable.
Let us again return to the issue regarding the implications of such violations of Lüders bound of LGIs and NCIs. For this, we consider the NCI given by Eq.(9). As already mentioned, for implementing von Neumann rule in a sequential measurement of A 1 A 2 one has to measure another observable A 1 , prior to A 1 . Note that, the measurement of A 1 is non-detective, i.e., only the state reduction due to the measurement of A 1 is taken into account. Similarly, an observable A 2 A 3 requires A 2 to be measured before A 2 . Moreover, the different choice of von Neumann basis requires different A 1 and similarly different A 2 . There is whatsoever no reason to consider A 1 and A 2 are same in general. Then the initial density matrices for the sequential measurements of A 1 A 2 and A 2 A 3 can be different. One can suitably choose A 1 and A 2 to obtain an improved violation of NCI exceeding the Lüders bound. But, neither the observables A 1 and A 2 nor the state change information due to the measurement of them was included in deriving the realist bound of NCI given by Eq.(9). Similar argument holds good for other NCIs and for LGIs. Thus, the violations of Lüders bound of NCIs and LGIs has no bearing on the issue of quantum violations of the realist inequalities.
Note however that, the results provided here can be calculated within the framework of standard QM by suitably choosing the prior measurements and can then be experimentally tested. It would then be appealing to study how such empirically verifiable statistics can be reproduced in an ontological model and would be interesting to see what additional constraint is needed to be imposed in such a model in order to be consistent with the QM. This calls for further study.
